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Abstract. It is a classical result that scalar valued positive kernels have Kolmogorov decomposi- 
tions. This has been extended in various ways, culminating in a version of the Kolmogorov decom- 
position for completely positive i£{j4 ', 93) valued kernels, and '3 C* -algebras [1]. The notion of a 
Kolmogorov decomposition has also been extended to not necessarily positive operator valued her- 
mitian kernels in [3], where a condition for decomposability is shown to be that the kernel can be 
written as a difference of positive kernels. For i£ {j4 , 8%) valued kernels, the appropriate analogue 
is that of a completely bounded kernel, which we define in both the hermitian and non-hermitian 
case. We show that the Schwartz boundedness condition of 1 3] implies the existence of a Kolmogorov 
decomposition for hermitian kernels, and that when is unital and <$ is injective (much as in the 
Wittstock decomposition theorem) , completely bounded kernels have Kolmogorov decompositions. 



1. Motivation 

Decomposition properties of bounded maps play an important role in functional analysis. Some 
notable examples are 

• The Hahn-Jordan decomposition of a signed real measure as the difference of two positive 
measures, and consequently the decomposition of a complex measure in terms of a linear 
combination of four positive measures; 

• The decomposition of a bounded linear functional as linear combination of four positive 
linear functionals; 

• The decomposition of a bounded linear operator in terms of positive linear operators, with 
an analogous result true more generally in C*-algebras; 

• The Wittstock decomposition of a completely bounded linear map into a Hilbert 
space, in terms of completely positive maps (see, for example, lll|] for definitions of com- 
plete positivity and complete boundedness). More generally, i£ (J^) may be replaced by 
any injective C*-algebra. 

In each case one can express the norm of the object being decomposed in terms of the norms of 
the positive objects. 

These notions may be generalised to kernels. Recall that for a fixed set X, a kernel on X is a map 
whose domain is X x X. Depending on the example, the range might be anything from the com- 
plex numbers to the bounded linear maps between C*-algebras. These have been studied even in 
the absence of an algebra structure and significant results have been obtained in [9] . The examples 
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listed above can be viewed as kernels on one point sets. Kernels occur naturally in a number of set- 
tings, most notably in the study of reproducing kernels. Positive kernels (that is, those which when 
restricted to F x F are positive semidefinite, where F <zX finite) are particularly important. A fun- 
damental property of complex valued positive kernels is that they possess a so-called Kolmogorov 
decomposition; that is, we can factor such a kernel k as k{x,y) = f{x)*f{y) for an appropriate / 
taking its values in some Hilbert space. This has been generalised numerous times, first to opera- 
tor valued kernels, then by Gerard Murphy to kernels taking values in a C* - algebra [ 1 0] , and finally 
to if {j4 , 93) valued kernels, j4 and 93 C*- algebras, by Barreto, Bhat, Liebscher and Skeide In 
the latter cases, the function in the factorisation takes its values in a Hilbert C*-module or corre- 
spondence. 

There is a natural way of defining hermitian kernels, and these play an important role in func- 
tion theory. Obviously, the difference of positive kernels is hermitian, and it is natural to wonder if 
hermitian kernels can always be expressed as the difference of positive kernels. There are easy ex- 
amples showing that this is in general not possible. However for operator valued hermitian kernels, 
there are characterisations of those with such a decomposition due to Laurent Schwartz [12] and 
Constantinescu and Gheondea [3] , and in particular, such kernels also have a sort of Kolmogorov 
decomposition. 

Our goal in this paper is to study the decomposition properties of if {j4 , 93) valued kernels, j4 
and 9% unital C*-algebras. We find that not only do the results of Constantinescu and Gheondea 
on hermitian kernels carry over to this setting, but that in keeping with the theory of completely 
bounded maps, there is a related notion of completely bounded kernel. Under the assumption that 
,s4 is unital and 93 injective, completely bounded kernels are decomposable in a form generalis- 
ing the Kolmogorov decomposition (much as in the case of the Wittstock theorems for completely 
bounded maps — see Theorem l6.1l l. In the hermitian case this gives an appealing alternative char- 
acterisation of decomposability to that of Schwartz, Constantinescu and Gheondea. 

2. Introducing and characterising the main classes of kernels 

We begin by fixing some set X. As noted above, by a kernel on X we mean a map whose domain 
is X x X. Let j4 ', 93 denote C*-algebras, which we assume to be unital, and let if (j</, 93) be the 
space of bounded, linear maps from jzl to 93 . By K(jtf, 93) we mean the set of all kernels on X 
taking their values in if {j4 , 93). This set has an involution: if k e K(jtf, 93) then we define a kernel 
k* by 

k\x,y)[a]={k{y,x)[a*]f. 
Notice that (k*)* = k. If k = k* then we call k hermitian. In the standard way we can decompose 
any kernel k as a linear combination of hermitian kernels, k = 'Sik + i'jk, where 3tfc = + and 
3fc = ^j(A;-fc*). 

Definition 2.1. A kernel k is completely positive if for any finite choice (x : - , a , b{) n i=l of elements of 

Xx j4 x 93, 

n 

2] b*k{xi,Xj)[a*aj]bj >0. 
i,j=i 

It is not immediately obvious from this definition, but completely positive kernels are hermit- 
ian. We denote by K + (jtf, 93) the set of all completely positive kernels on X taking their values in 

%{j4,9%). 

By D(j?/, 93) we mean the set of all kernels on X taking their values in if {jtf , 93) that can be ex- 
pressed as the difference of two completely positive kernels. We call such kernels decomposable. 
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Since completely positive kernels are hermitian, the difference of two such kernels is obviously her- 
mitian. The condition that a kernel be expressible as the difference of completely positive kernels 
was explored by Schwartz in [12] and by Constantinescu and Gheondea in [3] for operator- valued 
kernels. We will expand upon the characterisations of such kernels from 0] . 

These sets of kernels are nested, with K+ c D c K. They are all closed under addition and 
(real) scalar multiplication (positive real scalar multiplication in the case of K+, which is a cone). 
The kernel spaces carry a natural partial order: we say k\ < k 2 if k 2 — k\ e K + . We will observe 
the standard convention of writing K(38, as K(33), and when we wish to emphasise the set X 
over which kernels are defined we shall use a subscript, as in Kx(jrf, 38). The following theorem is 
from (I. 

Theorem 2.2. LetkG K(jtf, 33). Then the following are equivalent: 

(i) itelV.^). 

(ii) For any finite choice X\, x 2 , ■ ■■ x n of elements from X the (entrywise) map 

(k{xuXj)):M n {j4)^M n m 

is completely positive. 

{Hi) The kernel k can be decomposed in the following sense: there exists an (M ', ^-correspon- 
dence Ek and a map l : X — > Ek such that for all choices ofx,y, a we have 

k(x,y)a = {a-i(y),i(x)) Ek . 

We denote i(x) by k x . (Note that in [1] inner products are linear in the second argument, while 
here we follow the convention that they are linear in the first.) 

The pair (Ek , l) is known as a Kolmogorov decomposition. With a view to applying that terminol- 
ogy more widely, we call this a positive Kolmogorov decomposition. For more characterisations 
of completely positive kernels and a proof of the above result see [1, Lemma 3.2.1, Theorem 3.2.3]. 

Theorem 2.3. Let k e K(jtf, 33). Then the following are equivalent: 

(i) k <eB(jz? , 33). 

(ii) There exists a completely positive kernel L such that k < L. 

(Hi) There exists a completely positive kernel L such that—L <k<L. 

(iv) There exists an (M ' , 33)-correspondence Ek, a self-adjoint contractive left .j4 -module map 
J : Ek^> Ek, and a map /, : X — > Ek such that for all choices ofx,y, a we have 

k(x,y)a = (a-L(y),Ji(x)) Ek . 

(v) There exists an (M ' , 33)-correspondence Ek, a self-adjoint contractive left .j4 -module map 
J : Ek — > Ek such that J 2 = lE k , and a map i : X — > Ek such that for all choices ofx,y, a we 
have 

k(x,y)a = {a-L(y),Ji(x)) Ek . 

As before, we denote i(x) by k x . 

Proof of Theorem\2^ (z) => {ii): Let k = k\ — k 2 . Then 

k + k x + k 2 = k + /ci + (ki -k) = 2k x > 0. 

Thus k > —(ki + k 2 ). Similarly 

(/ci + k 2 ) - k = (k + k 2 ) + k 2 - k = 2k 2 > 

so k\ + k 2 > k. Since k\ + k 2 is completely positive, set L = k\ + k 2 to obtain the result. 
[ii) => [Hi): Immediate. 
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(ill) => (i): Let k <L. Then = L — (L — fc) is the difference of completely positive kernels. 

(i) => (f): This is a 'Krein-module' construction analogous to constructing decompositions of 
completely positive kernels. Let k = k\ — k 2 and let £1 and E 2 be the correspondences in the 
decompositions of the completely positive kernels k\ and k 2 respectively. Define E^-.Ei® E 2 and 
k x = ki, x © fc 2 , x and / : E fc -> E fc by /(ei © e 2 ) = e x © -e 2 . Then 

fc(x,y)[a] = ki(x,y)[a] - k 2 {x,y)[a] = (a • k hy ,k hx ) - (a • k 2 ,y,k 2 ,x) 

= (a-{k lt y®k2,y),J{ki iX @k 2 , x j) 

= l^a ■ ky ,k x ^j ■ 

Notice that / is self-adjoint, a left j4 -module map, and has J 2 — I. This completes the construction 
of the decomposition of k. 
[v) => [iv): Immediate. 

(iy) => (i): Since / is a self-adjoint element of the C*-algebra i£ a {Ek) it can be expressed as the 
difference of two positive elements, say / = J\ — J 2 . Since / is a left j4 -module map, each of J\,J 2 
must also be one. Then we have 

k{x,y)[a] = (a-kyjkx) 

= (a-ky,Jikx- J 2 k x ) 
= (a-kyJikx) - (a-ky,J 2 k x } 
= (jl /2 (a ■ k y ul /2 kx} - (j 2 1/2 (a ■ ky)J l 2 ' 2 kx) 
= \^J\ ky,]y kx\ ~ \ c1J2 ky , J 2 k x ^j , 
which gives decompositions of two completely positive kernels whose difference is fc. □ 

We are motivated by Definition ^, ll of completely positive kernels to attempt the following gen- 
eralisation: 

Definition 2.4. Letk :XxX:— > , 33). If, given any finite subset F = {x\,x 2 ,...x n \ ofX, themap 

(k{xi,Xj)):M n {j4)^M n (®) 
is a completely bounded map, then we call k a completely bounded kernel. 

Wittstock's decomposition theorem [ill Theorem 8.5] tells us that completely bounded maps 
.s4 —> i£ ) can be decomposed as the difference of two completely positive maps with the norm 
of the sum of the completely positive maps equal to that of the completely bounded map. A partial 
converse to this statement was proved by Haagerup [4] : if the conclusion of Wittstock's theorem 
holds and 3% is a von Neumann algebra, then it is necessarily injective. Smith and Williams [13] and 
Huruya [6] found similar results for a nuclear and separable C*-algebra, respectively, though 
the characterisation in the nuclear case is more complex. Huruya and Tomiyama also found that 
if one relaxes the norm constraint, there are examples of nonseparable, non-injective C* -algebras 
for which every completely bounded map is the difference of completely positive maps 0] • 

We intend to explore decomposability in the setting of kernels. It is clear that any completely 
bounded map is a linear combination of hermitian completely bounded maps. Furthermore, the 
difference of two completely positive kernels is always completely bounded and hermitian. We 
therefore seek conditions under which completely bounded hermitian kernels can be expressed 
as the difference of completely positive kernels. 
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3. Kolmogorov Decompositions 

Definition 3.1. A kernel k e K{jtf, 33) has a Kolmogorov decomposition if there exists a triple 
{E]c,J,l) such that is an [j4 , ^-correspondence, J e Jz? a {E} c ) is a contractive left j4 -module 
map and t : X — > Ejc such that for all choices ofx,y, a we have: 

k{x,y)[a] = (a ■ i{y), J{l{x))) . 

Suppose k has a Kolmogorov decomposition. Then 

k\x,y)[a]={k(y,x)[a*]f 

= {a*i{x),Ji{y))* 
= (jL{y),a*i{x)) 
= (ai(y),J*i(x)). 

From this we see that a kernel with a Kolmogorov decomposition is hermitian if and only if / is 
self-adjoint. Where / is self-adjoint (or positive) we shall say k has a self-adjoint (or positive) 
Kolmogorov decomposition. We now know that: 

• A kernel k is completely positive if and only if it has a positive Kolmogorov decomposi- 
tion (since (at{y), Jl(x)) = ^a/ 1//2 t(y),/ 1 / 2 t(x)^ = (a7(y),T(x))). Consequently, our cur- 
rent meaning for positive Kolmogorov decomposition is precisely that expressed in Theo- 
remlZ2l 

• A kernel k is the difference of two completely positive kernels if and only if it has a self- 
adjoint Kolmogorov decomposition. This was the content of Theorem l2.31 

• If k has a self-adjoint Kolmogorov decomposition then we can assume that the operator / 
is unitary. We saw in Theorem |2.3| that we can take J 2 = I. 

We make use of these facts in proving the next lemma, a generalisation of [3, Theorem 4.4]. Com- 
pare also with Theorem 8.3 of lllll. 

Lemma 3.2. Let k e K{jtf, 33). Then k has a Kolmogorov decomposition if and only if there exist 
completely positive kernels L\ andL 2 such that 

tx,y)~( L ,l\ X ' y ] ^' y \):^^M 2 m 
yk*{x,y) L 2 {x,y)J 

is a completely positive kernel. 

Proof. If k{x,y)[a] = l^a ■ k y ,Jk x ^ then we take 

Li{x,y)[a] = L 2 {x,y)[a] = (a-k y ,k x ) 

which gives us 

fLi(x,y)[a] k(x,y)[a]\ = f (a-k y ,k x ) (a-k y ,Jk x )\ 
{k*{x,y)[a] L 2 (x,y)[a]J y( a . kyJ * kx } ( a -k y ,k x ) J 

where we have used k*(x,y)[a] = l^ak y , J*k x ^ . View M 2 (E]c) as an M 2 (£$)-module. The left j4- 
action is defined by embedding j4 in i£ a [E^), which can in turn be identified with the diagonal of 
M 2 (J£ a (Ek)), which is completely isometrically isomorphic to i£ a {M 2 {E] c )). Notice that 

/ P 
/ / 
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is then a positive element of if fl (M 2 (L,t)) and commutes with the left j4 -action. Combining this 
with the above give us 

L x [x y y)\a\ k{x,y)[a]\ I fk y OWl J*\(k x 
k*{x,y)[a] L 2 {x,y)[a]J \ a '{o k y J'{j l){o k x 

which is a positive Kolmogorov decomposition. Thus 

U k 

k* L 2 

is a completely positive kernel. 

Conversely suppose that the matrix of kernels is completely positive. Then conjugation by an 
element of M 2 {3&) preserves complete positivity. In particular 

1 1 X( Ll k }( 1 1 1 - ( L i + L 2 + k + k* Li-L 2 -(k-k*j 
1 -lj [k* L 2 j[l -iJ-l^-Lz + ik-k*) L x + L 2 -{k + k*\ 

is a completely positive kernel. The entries on the diagonal must be completely positive, from 
which we deduce that 

+ L 2 ) < \{k + k*) < |(Lj + La). 
Similarly, conjugation by the M 2 {08) element 

tells us that 

-|(Li + L 2 ) < f (jfc - k*) < |(Lx + L 2 ). 

By Theorem l2.3l the kernels K\ = + fc*) and K 2 — -ir{k — k*) have hermitian Kolmogorov de- 
compositions: for i = 1,2 there exist modules L,-, self-adjoint operators /, on these spaces, and 
maps X — » Lj : x — > fc;(x) such that 

iQ(x,y)[a] = (a • fcilyUifciW)^. 
Furthermore, fc = Ki + iK 2 . We conclude that k has a Kolmogorov decomposition, since 
k{x,y)[a] = (a ■ ki(y), /ifci(x)) + i{a ■ k 2 {y), J 2 k 2 {x)) 

= {a ■ (fci(y)e k 2 (y)),(Ji ®-iJ 2 )(ki{x)®k 2 (x))) £i8J?2 . □ 

If if\,if 2 , if : j4 — > 3$ and we define 

\c dj yif*{c) if 2 {d)J y<f*{a) if 2 {a) 

then it is a result due to Haagerup that $ is completely positive if and only if ^ is completely posi- 
tive. Haagerup discusses this in [4], though this presentation is due to [11]. If we then allow a 2 x 2 
matrix of kernels to act (at each point) as a Schur product 



k\ k 2 \ . . 
k 3 

then we obtain the following: 



<2l,l fll, 2 
^2,1 #2,2 



fci(x,y)[a u ] fc 2 (x,y)[ai, 2 ; 
fc 3 (x,y)[a 2> i] fc 4 (x,y)[a 2>2 ; 
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Corollary 3.3. Let k e ~K{j4, 33). Then k has a Kolmogorov decomposition if and only if there exist 
completely positive kernels L\ andL2 such that 



is a completely positive kernel. In this case, k is a completely bounded kernel and can be decomposed 
as a linear combination of at most four completely positive kernels. 

The last statement of the corollary follows by decomposing / in the Kolmogorov decomposition 
of k into a linear combination of at most four positive maps and applying Theorem l2.31 



The study of the decomposability of a completely bounded map (p is related to the problem of 
completely positive completion of a 2 x 2 matrix with ip and tp* in the off-diagonal positions, as 
noted by Haagerup [4] . Our goal is to use this relationship to show that any completely bounded 
kernel (into an appropriate space) has a Kolmogorov decomposition. Now, let k e K x {jrf, 33) and 
consider the following six statements: 

(i) There exist L 1; L 2 e Kt{jrf, 33) such that 



(ii) There exist L\,L2 eKjj^, 33) such that for any finite subset {xi,X2,...,x n } of X the map 



is completely positive. 

(in) There exist Li,i2 €K~£(j</, 33) such that for any finite subset {xi,x 2 , ...,x n ] of X the map 



is completely positive. 

{iv) Given any finite set F = {x\,X2,. .. ,x n \ of X there exist L\, L2 <s Kj(j</, 33) such that the map 



is completely positive. 

{v) Given any finite set F = {x\,X2,. ■■ ,x„] of X there exist L\,L 2 ^ K~p(j#, 33) such that the map 



is completely positive. 

[vi) Given any finite set F = {x\,x 2 , ■■ ■ ,x n ] of X there exist P\,P2 completely positive maps from 
M u {j4) to M„{33) such that the map 




4. An application of the off-diagonal method 
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is completely positive, where 



is the Schur product operator associated to the matrix (fc(xz,x/)). 

We prove under appropriate conditions that all six statements are in fact equivalent. The as- 
sumptions will also be shown to imply the validity of statement {vi), and since Co rollary |3.3| gives 
the equivalence of statement (z) andq complete boundedness for a kernel, we arrive at a satisfac- 
tory characterisation of such kernels in this setting. 

We begin by proving the equivalence of the three "global" statements the equivalence 

of the three "local" statements {iv)-{vi), and that the global statements imply the local statements. 
The proof draws upon the following two results, the first of which is a routine generalisation of the 
off-diagonal technique in [n|, Theorem 8.3]. 

NB: Henceforth the C*-algebra j4 is always unital, and the C*-algebra 98 is always injective. 

Theorem 4.1. Let j4 be a unital C* -algebra, and 98 be an injective C* -algebra. Let ^ be a unital 
C* -subalgebra of both j4 and 98 . Let if : j4 — > 98 be a completely bounded, -bimodule map. Then 
there exist completely positive^ -bimodule maps ipi, if 2 '■ —* 98 with \\fi\\ c b = IMIcfc suchthatthe 
map 



where Eij is a matrix unit (that is, the M n element with 1 in the{i,j) th position and else- 
where) and* is the entrywise (ie, Schur) product. 
{Hi) if acts entrywise on M n {j4). 

Proof. It is clear that {ii) and {Hi) of the lemma statement are equivalent. The equivalence of (?) 
and (z'z) follows from 



Theorem 4.3. For the above statements, the following implications hold: 

(z) <=> {ii) <^> {Hi) => {iv) <=> (v) <=> {vi). 

Proof. Statement (z'z) is a restatement of (z) using a characterisation of completely positive kernels 
from [1, Lemma 3.2.1]. The equivalence of (z'z) and {Hi) follows by using the (complete positivity 
preserving) canonical shuffle of matrices from Chapter 8], and likewise for {iv) and {v). State- 
ment(z'z'z') implies {v) by a restriction of kernels to a finite subset of X, and statement {v) gives an 
explicit form for the completely positive maps P\, Pi in {vi). It is interesting to note that at this 
point we have not used the assumptions that j4 is unital and 98 is injective. 

Finally we prove {vi) implies {v). By assumption there exist completely positive maps P\, P2 such 
that 




is completely positive. 

Lemma 4.2. Let if e i£{M n {.s4),M n {S£{ffiy\). Then the following are equivalent. 
(z) (p is a @„ -bimodule map. 

{ii) For alii, j — \,...,n and all A^M n {j4) we have 

Eij*<p(A) = <p{Eij*A), 



E u AEj,j = E^ *A, 



an easily checked equality. 



□ 
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so the matrix is a completely bounded map. This implies that Sk F is a completely bounded map. 
It is a Schur product map, so acts entrywise. By Lemma l4~2l it is a @„ -bimodule map. Apply Theo- 
rem l4.1l and require that the completing maps are @„ -bimodule maps, Pi>P^- These are entrywise 
maps, so can be identified with elements of M n {5£{.s4 , 33)), which we denote by -P",^"- Define 
completely positive kernels L\, L 2 on F by 

Li{xi,xj)[a] := {P")i,j [a], L 2 {x h Xj)[a] := (Pf)t,j [a], i,j = l,...,n. 

These satisfy the conditions of statement [v). □ 

5. Topologies on kernel spaces 

In this section, we consider topologies on the space Kf{j# , 33) of all kernels on F where F is a 
finite subset of X. The topologies constructed will be used in the last section to prove, under ap- 
propriate restrictions, the existence of Kolmogorov decompositions of semi-uniformly completely 
bounded kernels when the set X is infinite. 

5.1. The topology of bounded linear maps into if {#€). Let j4 be a C*-algebra, #6 be a Hilbert 
space and let S£\#€) denote the ideal of trace class operators on It is known (cf. [ill Ch 7] for 
example) that if (J^f ) = if which allows us to make an identification 

if {j4,5£ {#€)) = {j4 <8>i? \,tf))* . 

To ip e if {#€)) we associate a linear functional defined (on elementary tensors) by 

L^{a ®R) = ip(a){R) = tr{ip(a)R). 

To a linear functional L e {s4 <E>if l {#€))* and an element ae^we associate a linear functional 
L a : S£\#€) —>C:R—> L(a <8> R). Then we define a bounded, linear map 

(f L : j4 ^%{2tf):a^L a . 

Clearly, tpi — ip and L VL = L. The space {j4 ® ^ 1 {M'))* carries a natural weak-* topology. Thus 
we endow if [jrf ,££ )) with the same topology via the identification above. Formally, we endow 
if {j4 , if [Jri?]) with the weakest topology with respect to which the isometric isomorphism ip — > L v 
is (weak—*) continuous. This is called the bounded weak, or BW topology, see [ 1 1 , Chapter 7] . 

We define a weaker topology, called the bounded-bounded weak, or BBW topology, to be the 
weakest topology with respect to which the evaluations 

E a , R : if (jj t se (J-T)) -» C : ip -» L v (a <g> R) 

are continuous for all a E j4 and R e if x {#€). 

Proposition 5.1. A net(p a in Z£{j4 ',if(Jf )) converges to ip in the BBW topology if and only ifip a {a) 
converges weak-* to ip{a) for all a e j4 '. 

Proof. Let ip a be a net in if {j4 ,i£ {■%?)). Then ip a converges BBW to ip if and only if E ai Rip a con- 
verges to F a ,Rip for all a e j4 and R e if \#€), if and only if L Va {a ® R) converges to L v (a ® R), 
if and only if ip a (a){R) converges to ip{a)(R), if and only if <p a {a) converges weak-* to ip(a) for all 
a^jzl. □ 

We now restate some results from Oj]] to affirm that useful statements about the bounded weak 
topology remain true about the bounded-bounded weak topology. 

Corollary 5.2. A bounded net converges BBW if and only if it converges BW 



10 BHATTACHARYYA, DRITSCHEL, AND TODD 

Proof. By Lemma 7.2], if ip a is a bounded net, ip a {a) converges weak-* to tp{a) for all a e j4 if 
and only if <p a converges BW to ip . □ 

Corollary 5.3. A net ip a in ££ {j4 , S£ )) converges to tp in the BBW topology if and only if, for all 
h,k^3€ and a e j4 , {ip a {a)h, k) converges to (ip(a)h, k). 

Proof. Combine the previous corollary with [11, Proposition 7.3] □ 

Proposition 5.4. Any bounded, BW-closed subset of '5£{s4 is BBW-closed. 

Proof. Let V be a bounded, BW-closed subset of ££{j4 ,S£{^)), and let v be in the BBW-closure of 
V. Then there is a bounded BBW- convergent net, so a bounded BW-convergent net, converging to 
v. Hence v is in the BW-closure of the BW-closed set V, i.e. v e V. □ 

Proposition 5.5. Any bounded, BW-compact subset of!£ !£ {Jrf? )) is BEW-compact. 

Proof. This is straightforward. Let K be a bounded, BW-compact subset of i£ {.s4 ,S£ and let 
{^a} be a BBW-open cover of K. Then \°Ux\ is a BW-open cover of K, so has a finite subcover, 
comprising BBW-open sets. □ 

Proposition 5.6. The space 5£ {j4 , 56 is Hausdorffin the BBW- topology. 

Proof. By virtue of being identified with the continuous linear functionals on if {j4 ,S£ (^f)), the 
elements of j4 ®Se\#e} separate ££{d ,££{#e)). So let ^^ 2 e ££{j4 ,££{3tf)), and suppose that 
lei <&%! l {£f) is such that L Vl {X) ^ L V2 {X). Finite linear combinations of elementary tensor 
products are norm dense in j4 ®!£ l {#€), so by continuity, we may assume without loss of general- 
ity that X = ^? a i ® Rj, where aj e j4 and Rj e ££ for all j. From this it follows that for some 
elementary tensor a® R, L Vl {a®R)^ L^aQR); that is, E a:R (ipi)^ E aiR {tp 2 )- 

Set e = |i?a,ij(yi) — E at R(if2)\- For j = 1,2, let Bj the ball of radius e/3 in C centred at E at R{ipj) 
and observe that E~ R {Bj) is open by continuity, contains ipj and E~ R {B\)C\E~ R {B2) = 0, finishing 
the proof. □ 

Write for the algebra of diagonal, scalar-valued matrices. 

Theorem 5.7. The set S{M n {j4\M n {i£ of9) n -bimodule maps in 5£{M n {j^),M n {S£{^))) is 
BBW closed. 

Proof. Let ip a be a net in 8{M n {j#),M n {<£{Je))) converging to tp G ^(M„(^),M„(i?(J^))). We 
define two maps 

ip[ J : ££{M n {jJ),M n {l£{3tf))) -» if {M n {d),M n {££ : -> By * 0, 
where (By * 0)(A) := By * 0(A), and 

i/4 J ' : 2{M n {j4) t M n {££{je>))) -» i?(M„(j?/), M„(if (Jjf ))) : -» * By, 
where (0*By)(A) := 0(By *A). It is clear from Lemma|4T2lthat elements of §{M n {jJ),M n {%{3tf))) 
are characterised by the property ip \ ] (0) = i/> 2 (0) for all z j = 1, . . . , n. Suppose that each of these 

BBW i j BBW i j 

functions is BBW-continuous. Then, since (p a — > ip, it follows that ip{[tp a ) — * and 

^z^i^a) B —* ip2*(.<p) f° r a U i'j =1, The convergent nets ip l {\ip a ) and ip^i^a) are identical, 
from which it follows that 

*Pi J \<p) = ip2 J (<P)> i,j = l,...,n. 
That is, ip £g{M n {d),M n {l£{#e))). 
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It remains to prove that each xp 1 ^ ,xp l ^ ] is BBW-continuous. Let us begin by observing that, by 
virtue of its definition, the weak-* topology on {M n {j4)®M n {i£ l {^)))* is generated by basic open 
sets of the form 

whereJleCzo) is a ball in C centred at z of radius e>0,Ae M n {j4\ R e <£\#e n ) = M n {% l {2%>)) 
and {A ® R) is the evaluation function. It follows that the BBW topology has basic open sets of the 
form 

^ = j^ey(M„M,M n (i?(<#f ))) :\L ip {A®R)-z \<e}. 

Since the weak-* continuous linear functionals separate {M n {jrf)® M n (S£ l (M')))*, there exists ipo 
such that L(p {A ® R) ^ 0. Replacing ipo by L ^^ L yo (A ® R), we then see that a basis for the BBW 
topology is generated by open sets 

<U = {if e^(M„(^),M M (i?(J>n)): \{L V -L Vo )(A®R)\ < e] 

as (fo,A,R and e vary 

i i~ l 

We now consider ip{ ), for each of these basic open sets. Of course if does not intersect 

the range of ip [ J then xp l { ] {°}/) — is trivially open. As above we consider open sets °l/ centred at 
L^ij^(A ® R) for some ipo, A and R. Then 

is the set 

e XWnW, M n m*))) ■ I [L^ w - L^j) (A ® < e} . 
Now setting r/4' ; '(0) = £;j * 9 and L^fA ® R) = tr(<p(A)R) we get that 

ip[ J ~\<V) = e i?(M n (^),M„(^(J^))) : tr ([E />; - *(y> - ^ ){A)]R) | < e} . 

Making the identifications M„(i?(J*f )) - if (J^") and M n {S£\-tf)) = S£\>tf n \ 

[Ei,j*{y - <poXA)]R = [{up - <p ){A)*E i , j ]R=[(y - (po%A)][Eij*R] = [(if - fo)(A)]R 
where R e if H^" 1 )- Thus 



V) - e if {MnWlMnM*?))) ■ tr ((</> - <^o)(A)i?) 



< e 



is clearly BBW-open. 

A substantially identical argument shows that, for °l/ in the analogously chosen basis, 
j/4' ; '~ V) = if(M B M, Mn&W))) : |tr - poX^ij *^)#) | < e} • 

Defining A := £, j * A, it becomes clear that xp 1 ^ (fU) is open. Thus«/>J ,; and xp 1 ^ are continuous, 
and the result is proven. □ 

Finally, some brief observations on relative topologies. 

Proposition 5.8. LetX be a space, Y a topological space with topology ty, and let f : X — » Y be 
injective. EndowX with the weakest topology Tx such that f is continuous. Suppose that A c X, so 
f{A) c Y and denote the relative topologies of A and f{A) 
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Then ta is the weakest topology with respect to which /U is (z b -jcontinuous. Further, if f(A) is 
tb -compact, then A is t A-compact. 

Proof. Let the weakest topology with respect to which /U is (ig-) continuous be x' A . Then 

t' a := {r\*y n/(A)) : ^ e t ¥ } = {f-\^)nA :f£T Y j- x A . 

For compactness, simply note that /U is a homeomorphism of (A, t^) and (/(A), t b ). □ 

Lemma 5.9 ([5, §12, Corollary 1, p. 68]). LetX beanormed, linear space. Then every bounded subset 
ofX* is relatively weak—* compact. 

Corollary 5.10. Every bounded subset of 'i£{j4 ,^£{^C)) is relatively BBW- compact. 

Proof. Proposition 15.81 tells us that bounded subsets of i£ {j4 ,i£ (J^f)) are relatively BW-compact. 
Let A be such a subset, and take a cover n A} a for some collection {^ a }„ of BBW-open sets. 
Since BBW-open sets are BW-open, the sets °U a n A are relatively BW-open. Relative BW-compact- 
ness gives the finite subcover we require. □ 

5.2. The pointwise cr-BBW topology on the kernels. LetF = {xi,x 2 ,...,x„}, Xi eX We define the 
pointwise cr-BBW topology t p p on K f {j4 ', 33) to be the weakest topology such that for all x,y e F 
the maps 

¥ Xiy : K f (j#, 33) -> 5£{j4, ®) 

are continuous, where i£ {j4 , 93) is endowed with the BBW topology. It is then clear that when 
GczF, the restriction maps 

K f (j2/,^)->K g (j^,^): k^k\ G (5.1) 

are automatically continuous. The evaluations F x y separate Kf[j#, 33) and the BBW topology is 
locally convex and Hausdorff, so each t p is locally convex and Hausdorff. 

5.3. The local cr-BBW topology on the kernels. There is another topology worth considering on 
kernel spaces. From the previous discussion, for a fixed F = {jci, X2, ■ ■ . , x n } there is an identification 

j F : K F {^, ») ^ %{M n {j4\!£{#e n )) :k~& {s [k[XhXj]) ) 

of a kernel with the Schur product operator associated to the matrix {k{Xi,Xj)} ,xt e F. We define 
the local cr-BBW topology t ( p on Kp(jrf, &) to be the weakest topology such that jp is continu- 
ous. The map jp is injective and the BBW topology is a locally convex Hausdorff topology. Hence 
the local cr-BBW topology is also locally convex and Hausdorff. In general we will abuse notation 
regarding Schur product operators, writing either {k{Xi,Xj))p or St F for the map S^ Xj Xj ^. 

5.4. Equivalence of the two cr-BBW topologies. 

Lemma 5.11. For a given faithful unital* -representation o~ of the unital C* -algebra 33 , thepoint- 
wise a -BBW topology onK P is the same as the local cr -BBW topology on K F . 

Proof. Since the topologies are defined as being the weakest making certain maps continuous, it 
suffices to show that these maps are continuous in both topologies, and this is done by showing 
that if a net (k a ) of kernels in K F converges to k in one of the topologies, it does so in the other. 

So assume that (k a ) is a net of kernels in K F converging to k in the local cr-BBW topology Tp. 
Then for any a e M n {M) and R e i£\>tf n ) = M n {5£\-tf)\ 

tr{a{k a {xi,Xj))[a]R^^tx{a{k{Xi,X]))[a]R) . 
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In particular, if we fix i,j and choose a = a ® Eij and R = R® Eji, where fl€j</,iJe S£\#€\ and 
Eij,Eji are matrix units in M„(C), we find that 

tx[a{{k a {Xi,Xj)[a])R® E H ) ^\x{a{{k{Xi,Xj)[a])R® En) . 

Thus tr (a{k a (xi , Xj)[a])R^ — >tr [cr(k(xi,Xj)[a])R] , from which it follows thatF XiiX/ is continuous. 
The choice of i and j are arbitrary, hence tJctJ,. 

On the other hand, suppose that [k a ) converges to k in the pointwise cr-BBW topology r F . Then 
for R = {Rij) e M n {5£ H^))> a = (a*,-) e M n {j4) and any a, 

trfffCfcafa.Xy ))[«]#) (5.2) 

is just the sum of the traces of the diagonal elements of a{k a (xi,Xj))[d]R, which are all linear 
combinations of things of the form a{k a {x,y)[a])R, which by definition of the topology % F , con- 
verge to the same linear combinations, with k a replaced by k. Consequently, ( 15.21 ) converges to 
tr (a {k{Xi,Xj)[a\ j Rj. We conclude that r p c t p p , and therefore the two topologies agree. □ 

Henceforth we denote these two equivalent topologies on K F {s4 , 93) by r F . We have already 
observed that the restriction maps in 15.11 1 are continuous when K F {j2f, 93) has the t f topology. 
We endow a ball of completely bounded kernels 

K r P (jtf, 93) := {/c e K f {j4 , 93) : ||(*(x/,X/))f|| cJ , < r] 

with a relative Tf-topology, denoted z r F . 

Lemma 5.12. Let 93 beunital. The balls 

K r P (jrf, 93):=^ke K F (jrf, 93) : 

are T r F -compact. 

Proof. The set;> (K r P {jtf, 93)]= j F {K F {jrf, 9B))r)CB r F is bounded, so by Corollarv lBTTOl it is relatively 
BBW-compact. Endow K p (jtf, 93) with the weakest topology such that the restricted map 

j r p : M? F {jrf ,03)—> j F {K r F (jtf, 93)): k^ j F {k) 

is continuous. By Proposition 15.81 that topology is z F , j F is a homeomorphism, and K F {jtf, 93) is 
compact in that topology. □ 

Proposition 5.13. The truncated positive cone 

K r F + {^, ®) := {k e K+(^, 93) : ||(fc(x /( x 7 -)) F || ch < r] 

isT r F -compact. 

Proof. By Proposition 7.4] the truncated cone CP r {M n {.j2?),M n {££ [■¥{?))) of positive elements 
in i£{M n {.s4),M n {!£ {#€))) is closed. The map j F is continuous, so the pre-image of that cone, the 
truncated cone of kernels, is T^-closed in the T^-compact ball of completely bounded kernels, so 
is itself Tp-compact. □ 

Now we obtain a characterisation of convergence in r r F in the manner of jnl Proposition 7.3], 
or Corollary |5.31 

Lemma 5.14. LetX be a topological space, and A c X a closed subset. Then a net {a a \ c A converges 
toa<EA in the relative topology if and only ifa a — > a in X. 



(k(x i ,Xjj) 1 



<r 



cb 
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Proof. Suppose a a —> a in the relative topology. Take an open neighbourhood <?/ of a, in X, so 
A n <?/ is a relatively open neighbourhood of a in A. Then by our supposition a a is eventually in 
A n °M , so is eventually in °U '. Therefore a a —> a in X. Conversely, let a a — > a in X. Since A is closed, 
a e A. Take a relatively open neighbourhood of a, A n ^ open in X. Then a a is always in A and 
eventually in ^ , so is eventually in A n Thus a a —> a relatively. □ 

Proposition 5.15. Let k a be a net in ~K r F {j4, 33). Let a : 38 —> ^£{^C) be a ^-representation, and 
allow a to induce jF,j F and % r F as described previously. Then k a —> k in T r F if and only if for all 
[a it j)eM n {j4), ihi}? =i ,{ki}1 =} cz^ we have 

(a [n] (ik a {xi,Xj)) P (a t j)){®tht),®tkt) -» (o- [n] ({k{xt,Xj))F(atj))(® t ht),®tkt). 

Proof. Since j F is a homeomorphism, k a — » k if and only if j F {k a ) — » j F {k) in the relative BBW 
topology. By Lemma l5.14l this is equivalent to jF{k a ) —> iV(fc) in the BBW topology. The proof then 
follows from Corollarv l5.3l and the definition of jp. □ 

6. Characterisation of completely bounded kernels 

Well order the domain X and form a directed set A of finite strictly increasing sequences {A,} of 
elements of X. We say a < fl in A whenever a is a subsequence of /3 (i.e. there exists an injective, 
order-preserving map 

S:{l,2,...,|a|}-»j8 

such that 5(j ) = af). 

Let k e Kj(j</, 33) be a completely bounded kernel, F <s A. For each such F = .. ,x„}, we 
can define a kernel fc f e K f (j2/, 33) by 

kp{x,y) = k(x,y), ijef! 

Obviously fc/? is a completely bounded kernel, and so by definition {k[xi,Xj)j . ._ x : M n {j4) — > 
M n (33) is a completely bounded map. Hence by [ill Theorem 8.3], there exist completely positive 
maps Pi,P2 ■ M u {j4) — » M n (33) such that statement (yz) of Section [4] holds. Theorem 14.31 then 
gives the equivalence of statements [vi) and {iv), and it then follows by Corollary [3T3] that k F has 
a Kolmogorov decomposition. Recall that this means that there exists a triple (E F , Jf,l f ) such that 
E F is an {j4 , ^-correspondence, Jp e i£ a {Fp) is a contractive left j4 -module map and Z F : F—> E F 
such that for all choices of x,y, a we have: 

k F {x,y)[a] = (a-Lp(y),JF{t F {x))). 

Next define kernels (fp e K x {j^ , 33) by 

</> F (x,y) = < 

10 otherwise. 

If we set Ep = Ep, Jp — Jp, and define ip : X — > Ek by 




?f(x) xeF; 

otherwise, 



then 

^ F (x,y)[a] = (a-ti7(y),/ F (tF(x))) 
is a Kolmogorov decomposition of ip p. Combining Corollary |3.3l and (i) implies (fi) ofTheorem l4.3l 
we conclude that </>f is completely bounded. 
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It is clear that finite linear combinations of kernels in Kx{j#, 33) are also in Kx(jrf, 33), and in 
particular then if := ^ F ap(/>F e Kx{j&, 33) when the sum over a finite collection of F e A with 
gtf <e C. The kernel f so defined is off of a finite set, and by the same argument as above, if has a 
Kolmogorov decomposition. 

With this in mind, define for (x,y) e X x X, 



Observe that in order that <f{x,y){x' ,y') ^ 0, either x' = x and y' = y or x' — y and y' — x, in which 
case (f( Xi y){x,y) = k{x,y) and <f(x,y)(y>x) = k{y,x). Hence (f( x ,y) and ^(u/, z ) are nonzero in the same 
places if and only if either w — x and z = y or w = y and z = x, in which case the two kernels are 
the same. 

Write {E{x,y}> J{x,y)>i(x,y)) for the triple used in defining the Kolmogorov decomposition of <p(x,yy 
Observe that since <f{ x ,y) is zero off of the set {x, y }, we may without loss of generality take i( x ,y){x') = 
if x' <$ {x,y}. Recall from the statement and proof Lemma |3.2| that the existence of a Kolmogorov 
decomposition for if( x , y ) is equivalent to the existence of a positive kernels L( x>y ) such that 

'kx,y)ix',y') ${x,y){x' ,y'f 
$t x>y) {x'>y') kx,y)(x',y / ) j 

defines a completely positive kernel, where 

hx,y){x' ,y')[a] := (a-L [X}y) {y'),L iXiy] {x')). 

One sees that L( Xi y){x' ,y') = unless x',y' e {x, y}. 
For any F e A, Icf is the restriction to F x F of 



{x',y')> 



:j4^M z {33) 



X < P(x,y)+^ i <P(x,x) 
{x,y)eFxF 



xeF 



and consequently, for the completely positive kernel L° F defined as the restriction to F x F of 



<x,y) 



+ 



J (x,x) 



(x,y)<EFxF 



xeF 



we have that 



L° P k F 
kl L° 



"F ^Fj 

defines a completely positive kernel. Note in particular that by definition, for G c F, L° p \gxg — L° G . 
For each F e A, we set 



r F r- 



S T 

IT 



cb 



and inductively define the space of local solutions as 



L, 



•:=|(Ii, 



L 2 ) e I^f'V, 33) x Kp F,+ (^, 33) : 



Li{xi,Xj) k[xi,Xj) 



k*{Xi,Xj) L 2 (Xi,Xj) 
and {L 1 \ G xg,L 2 \gxg)^g forallG<F|. 



>0 



This set is non-empty, since it contains {L° F , L° F ). 
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The truncated positive cone K^ f,+ (j</, 33) is, bvProposition l5.13l x T p -compact, and so K^ f,+ (j</, 33)x 
K r p' + {jtf, 33), is compact in the product topology Tp x x T p . The space is also Hausdorff. Thus, to 
show that hp is x'p x t^ 3 -compact requires only that it be closed. We do this inductively. If F is a 
one point set, the result is clearly true. So assume the cardinality of F, \F\ > 1 and that we know 
that Lg is Tg-compact for any set G with |G| < Let (L",L") be a convergent net in hp. By 
compactness of the positive cones, its limit is (Li, L 2 ) where L\, L 2 are completely positive kernels, 
with \\{Li{Xi,Xj))\\ c },, \\{L 2 {Xi,Xj))\\ c b < r F . Furthermore, by definition of hp, the induction hypoth- 
esis, and the fact that, since r G < rp, the t£? topology on Kg ,+ (j3/, 3S) is the restriction of the x T p 
topology from K' F F,+ (jtf, 33), the net {L^\ GxG ,L^\ GxG ) converges to (L 1 \ GxG ,L 2 \ GxG )<Eh G for G <F. 

By Proposition [5T5l L a 4 L if and only if for all (a^jeM^), {hi} n i=1 ,{ki} n i=l c we have 

(a w {{L a ( Xi , Xj )) P [a (© h t ) , 0/ fcj ) -♦ (o- (,j) ((Ifo , x } )) F (a tJ ) ) (0//i f ) , 0/ fc* ) . 

We regard the space of 2 x 2 matrices with entries fromlK^j?/, as sitting inside K F rF (^/,M 2 (^)) 
and endow that set with a relative topology, like x r F , but now induced by the representation a 2 : 
M 2 {33) — » if (Jf © ). Call this topology x. As we have shown (cf. Proposition 15. 131 1 the set of 
positive elements is T-closed, and we have a characterisation of convergence (cf. Proposition l5.15l . 

Since (Lf.if) -» (Ii,I 2 ). for aU choices of (fly) e M„(j^) and {h' t ),(k , t ),{h'{),(k , f) e ®^ =1 J^ as 
above, we have 



o-t"3((i?(jCi , jcj)) [a ,- j ])(©« M)' ® i fc i > + (^ n K(L^x i ,Xj))[a i ,j]){® i h , !),® i k 

o- w ((Li(^x,))K,]X©^ 
We then add fixed terms to both sides, 
[oL n X[L«(x t ,xi))[aij^ 

+ (a^kixuXjMaijmh'llQik^ + {a^ik^Xi.XjMaijm^h'^ik'f} 

; CT ("\(L 1 (x^x J 0)[a/j]X©/^0,©/M) + ( CT( " ) « i 2(x;,x J 0)[a/j]X© i -^© i -M / > 
+ (a in \iikOct,x j ))[aij]{®th f l) t ® t k , t ) + (a^ n \^x t ,Xj))[atj]X®ih , t ),®tk , {) 
and rewrite this as 

ffWp*(x i( x ; ))[fl lV ]) aW{{I^{xi,Xj))[a il} ])) \® n i= xK) ' Wi=i k 'i 
'oW&LAxuxWatj]) ^ n \{k{ Xi ,Xj))[a i4 \)\ f®? =1 K) (®UK 
a^\{k%Xi,Xj))[ai,j]) aMmixi.XjMatj])) {®? = i h "j ' [®?=i k 'l 
Perform a canonical shuffle on the large matrix, and relabel the Hilbert space elements, to con- 
clude that for all choices of (aij),[hi) and 



It follows from Proposition |5. 15| that 

'I? k\ F \ T f Li k\ F 



k\* F yk\* F l 2 



(6.1) 
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The net on the left of ( 16. Il l is composed of positive elements, and the positive elements are t- 
closed, so the limit is a completely positive kernel. Consequently, (Li,L 2 ) belongs to the set of 
solutions Lf, and so Lf is a non-empty compact Hausdorff space for each F. Also, by definition 
of and T T p , for G < F in A the restriction maps fc,F : — » Lg : L >-» I|g are automatically 
continuous. 

We have constructed an inverse limit system of non-empty compacta, indexed by a directed set 
A and connected by continuous maps (restrictions) f\ 1 ,\ 1 for X\ < A 2 , such that fx,x is the identity 
and fxi,x 2 fhM — fxiM when Ai < A 2 < A 3 (cf. for example, [2, Theorem 6.B.11]). We conclude that 
the inverse limit system is non-empty: that is, there exists 

(ri*,I*))ef[L A and f XuX2 ((L^,L^)) = (L^,L^) whenever X, < A 2 . 

AsA 

It follows that this object uniquely specifies an element of Kj(j</, S3) satisfying statement (i). 
The following summarises what we have learned. 

Theorem 6.1. Lets4 be a unital C* -algebra and 3$ be an injectiveC* -algebra. Let k eKx(-^ » be 
a completely bounded kernel. Then k has a Kolmogorov decomposition, by which we mean a triple 
{Eic, J, t) such thatEk is an {j4 , ^-correspondence, J e if a {E] c ) is a contractive lefts4 -module map 
andi :X—> E^ such that for all choices of x,y, a wehave: 

k{x,y)[a] = (a ■ i{y), J{i{x))) . 

Furthermore, k is: 

{i) completely positive if and only if]>Q, 
[ii] hermitian if and only ifj = J*, 

and k can be expressed as a linear combination of at most four completely positive kernels. 
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